The glass-transition is a long-standing unsolved problem in materials science, and our understanding of how a material evolves from a fluid to an out-of-equilibrium solid glass is particularly poor for polymers. Here we study how the glass transition temperature Tg and the related structural (α) relaxation vary with molecular weight M and chain flexibility for polymers of varying chemistries; we complement our data with Monte-Carlo computer simulations of chain structure based on the Rotational Isomeric State model. We find that Tg(M ) is controlled by a single chemistry-dependent parameter, the conformer, chosen as the average mass or volume per conformational degree of freedom. Moreover, we find that a molecular (γ) relaxation, operating on the length-scale of a few conformers, acts as a fundamental excitation, which in turn is linked to slower β and α relaxations, and thus Tg. We propose that dynamic facilitation, resulting in hierarchical relaxation dynamics, can explain our observations including logarithmic Tg(M ) dependences. Our study provides a new route to understanding molecular relaxations and the glass-transition in polymers which paves the way for predictive design of polymers based on monomer-scale metrics.
As a liquid is cooled, the time-scale characterising its structural (α) relaxation τ α (T ) increases. In the absence of crystallization, this growing τ α eventually leads to the formation of an 'arrested' out-of-equilibrium amorphous solid called a glass [1] . The temperature at which dynamic arrest occurs depends on cooling rate [1] , so a conventional definition of the glass transition temperature T g is τ α (T g ) = 100 s [2] . Glasses are ubiquitous and found in applications including construction, consumer products, coatings and optical components; important examples are ion-conducting glasses for energy applications; amorphous pharmaceuticals, whose dissolution properties are superior to their crystalline counterparts; or carbohydrate-based glasses that are used to preserve proteins. Polymer glasses are particularly versatile, since the polymer chain-length and flexibility provide additional means to control material processing and properties.
Glass-formation is often modelled based on the reduced available 'free' volume for molecular motion [3] , the increasing elastic energy required to create this volume [4] , or a decreasing configurational entropy [2, 5] as the glass transition is approached. The application of Mode Coupling Theory (MCT) [6] , which incorporates molecular interactions at the level of densities and captures key phenomenology of glass-formers significantly above T g , has indicated marked differences in the dynamic arrest mechanism of polymers [7] compared with small molecules. These results are supported by atomistic MD simulations based on poly(vinyl methyl ether) (PVME) and simple coarse-grained model polymers for which tuneable dihedral barrier heights control T g [7] . Thus, in addition to intermolecular packing effects [8] that control glassformation in non-polymeric systems, chain connectivity [9, 10] and intramolecular rearrangements [7] affect glass- * k.j.l.mattsson@leeds.ac.uk formation in polymers. Experimentally, this leads to a complex T g (M ) behaviour with three separate regimes, loosely corresponding to oligomeric, intermediate, and long-chain molecular weights, M , as first emphasized by Cowie et al. [11] , and later studied by others [12] .
As demonstrated in studies going back to the 1940s [13] , the viscous flow of polymers takes place through a succession of elementary molecular movements, or 'flow segments', each with a characteristic size of ∼ 5 − 10 monomers; this size corresponds roughly, but not consistently, to the size of the Kuhn segment or the dynamic (Rouse) bead [13] [14] [15] [16] . Recently, Schweizer and co-workers [10, 17] modified MCT to describe a polymer melt as a fluid of Kuhn segments, each modeled as an effective 'hard sphere' with multiple interaction sites, reflecting the chemistry-dependent characteristics. The resulting models capture some of the phenomenology of glass-formation in polymers, but only include intramolecular rearrangements via their indirect link to the size of the Kuhn segment. Several research groups have proposed a link between the α relaxation, and thus T g , and faster molecular (β or γ) relaxations that act on lengthscales at, or below, those of the Kuhn or 'flow' segment [18] [19] [20] [21] [22] . However, we lack a detailed understanding of the complex chain-length-dependent interplay between inter and intramolecular dynamics, and a new approach is thus needed to understand T g (M ) for polymers.
Here, we systematically investigate the effects of polymer chain-length and chain flexibility on glass-transitionrelated dynamics and chain conformations. We determine the molecular weight (M ) dependent relaxation dynamics and T g using Broadband Dielectric Spectroscopy (BDS) and Differential Scanning Calorimetry (DSC) (see Methods). Based on our results, we propose a new framework for understanding the glass-transition dynamics in polymers based on 'local' conformational degrees of freedom [18] [19] [20] 23] and hierarchical facilitated dynamics [24] [25] [26] [27] . Our results could pave the way for efficient pre- ) and τγ (filled symbols, black outline) for PMMA with N ∈ 2 − 905. The solid lines are VFT fits to the τα data, the dashed lines are Arrhenius fits to τ β (T ), and the dotted line is an Arrhenius fit to τγ(T ) for N = 4 (fits to other N are omitted for clarity). All fitting parameters are tabulated in Table S7 in the SI. DSC data are shown in black-filled symbols at τ = 10 2 s (horizontal dashed line), which defines Tg.
dictive design of polymers based on knowledge only of the monomer-scale structure that controls the dynamics on the conformer length-scale.
I. RELAXATION DYNAMICS
The frequency-dependent dielectric loss ε (f ) (from BDS) for oligomeric poly(methyl methacrylate) (PMMA) with a degree of polymerisation N = 3 is shown in Fig. 1a . We observe three distinct relaxation processes (loss peaks): α, β and γ, where τ α > τ β > τ γ . The α relaxation leads to structural relaxation and defines T g ; the β and γ relaxations are typically associated with molecular rearrangements including backbone dihedral rotations coupled to sidegroup rotations [19, 20, 28] . The peak relaxation times τ p ≡ (2πf p ) −1 are plotted in Fig. 1b for PMMA with N ∈ 2, . . . , 905. The α relaxation time follows the empirical Vogel-Fulcher-Tammann (VFT) expression τ α = τ 0 exp DT 0 /(T − T 0 ) typically associated with glass-formation [1, 4] . Molecular relaxation times τ i within the glassy non-equilibrium state, on the other hand (Fig. 1b) , typically follow simple Arrhenius behaviour τ i = τ 0i exp (∆H i /RT ), where ∆H is the activation enthalpy and R is the gas constant. We determine T g (M ) from VFT fits to our BDS data by setting τ α (T g ) = 100 s, and from DSC by determining the onset of the heat capacity step for a heating rate of 10 K min −1 (Methods).
II. Tg VARIATION WITH POLYMER CHAIN-LENGTH AND CHAIN FLEXIBILITY
Traditionally, T g (M ) for polymers is described using the Fox-Flory relation, T ∞ g − T g ∝ 1/M , typically attributed to the dependence of 'free volume' [8] or configurational entropy [9] on the number of chain ends (T ∞ g is the long-chain limit of T g ). However, this relation often breaks down for oligomeric M [9, 11, 19, 30] . Cowie et al. [11] showed that T g (M ) can be divided into three regimes separated by molecular weights M and M , where
in regimes I and II, and T g T ∞ g in regime III. This behaviour is demonstrated for PMMA, poly(styrene) (PS), and poly(dimethyl siloxane) (PDMS) in Fig. 2a-c. PMMA and PS are relatively rigid polymers with carbon-based backbones and bulky side-groups, and their T g values vary significantly with M (∆T g > 200 K for N ∈ (2-∞)). In contrast, the Si-O backbone of PDMS is much more flexible [31] and has low rotational barriers [32] , leading to a much smaller variation in T g (M ) (∆T g < 40 K for N ∈ (2-∞); Fig.2c ). Unlike PMMA and PS, PDMS can also be described by the Fox-Flory relation (Fig. S4, Supplementary Information (SI) ), suggesting a less pronounced regime behaviour for more flexible polymers.
To investigate the generality of these observations, T g (M ) data for 11 polymers (Table 1 ; SI) are shown in Fig. 2d to collapse onto the scaling form T g /T ∞ g = f (M/M ), where T ∞ g and M depend on chemistry, see Fig. 2e . Remarkably, as shown in the inset, T ∞ g correlates with M across all chemistries, implying that a single chemistry-dependent molecular weight controls the full T g (M ) behaviour of each polymer. Characteristic molecular weights for polymers (shown in black symbols on the upper abscissa of Fig. 2a-c) include the Kuhn molecular weight M K (which controls equilibrium flexibility) [33] , the 'dynamic' or Rouse bead molecular weight M R (which controls unentangled polymer dynamics [16] ), the entanglement molecular weight M e , and the molecular 
FIG. 2. (a-c)
Tg as a function of weight average (Mw) or number average (Mn) molecular weight, and the number of backbone atoms na. Data from BDS and DSC are combined with literature data for PMMA, PS, and PDMS; see Section IV in the SI for the data references. Between different studies, the absolute value of Tg(M ) can vary slightly due to the variation in experimental techniques, Tg definition, or polymer specification. For PDMS, these differences are more pronounced since Tg is only weakly varying with M (∆Tg ∼ 40K) and a scaling factor A ∼ 1 − 1.03 was thus introduced to collapse different data sets, where A=1 for the Tg data from Ref. [29] . Since the literature Tg data for PDMS in Ref. [16] were defined as the temperature where τα = 1 s, we also plot our Tg data for PDMS with the latter definition to demonstrate that except for an absolute shift in Tg, this yields no significant change in Tg(M ). The symbols on the upper abscissa denote the Kuhn molecular weight (•), the 'dynamical' or Rouse molecular weight MR ( , or ♦ when using an alternative MR definition [16] ), the entanglement molecular weight Me ( ), and the critical molecular weight Mc ( ); all values are tabulated in Table S4 of the SI together with their associated literature references. The red, blue and black dashed lines are fits to Tg = AI,II + BI,II log 10 M in regimes I and II, and Tg = T ∞ g in regime III. The vertical dashed lines at M and M denote the boundaries between regimes I and II, and II and III, respectively, as discussed in the text. (d) Tg(M ) for Radel-R, PC, PI, PIB, PE, PB, and PPG-DME from the references provide in Section IV of the SI. The dashed line indicates Tg(M ) for 'rigid' non-polymeric glass-formers, as discussed in the text. weight M c at which entanglements become active [31] . It is apparent that none of these molecular weights consistently match either M or M .
Earlier studies [23, [34] [35] [36] have suggested a link between T ∞ g and a metric based on the polymer's conformational degrees of freedom (DOF). Accordingly, we determine the molecular weight M φ per DOF (see SI for details) and plot the relation T ∞ g (M φ ) in Fig. 2f for polymers with backbone chemistries based on C (purple), C-C-O (blue), Si (green), and Si-O (silver). These data suggest a linear relation between T ∞ g and log 10 M φ for C-based backbones. A simple interpretation is that M φ parametrizes the displaced volume incurred in conformational motion, so that higher volume conformers correspond to higher T g . Consistent with this, polymers with Si-based backbones have lower T ∞ g for the same M φ , which can be partially accounted for by the higher mass density of Si compared with C. For the Si-O-based polymers in Fig. 2f (PDMS and PMPS), the larger mass density of Si and O compared with C cannot account for the entire discrepancy. The greater flexibility of the Si-O backbone, oxygen-specific interaction energies, or the fact that larger backbone angles (143
• vs 110 • ) incur larger volumes during dihedral rotation could all contribute. For the 11 polymer systems of Figs. 2d-e we find M * ≈ 24M φ ( Fig. S5 ; SI), so that T g (M ) for polymers roughly follows
is a chemistry-independent function. 
III. CHAIN STRUCTURE AND CONFORMATIONS
At low T a polymer has a regular sequence of dihedral angles. For example, low-T polyethylene (PE) is an alltrans rod-like molecule, whereas low-T isotactic PS is a rod-like helix with alternating trans and gauche conformations. At higher T , the activation of higher energy dihedral sequences disorders the ground state so that longer polymers are more likely to be disordered and have the prolate ellipsoid shape of long flexible random coil polymers [37] ; hence, polymers show M -dependent variations in average chain configuration and thus chain shape.
To characterise the M -dependent variations in chainstructure at T = T g (M ), we here use the Rotational Isomeric State (RIS) method [33] to calculate two metrics of chain structure [15] 
, where R e is the chain end-toend distance, n b is the number of backbone bonds, and l b is the average bond length; and (ii) the aspect ratio Λ 2 = λ are respectively the largest and smallest eigenvalues of the average polymer conformational tensor (see Methods and SI). A small C n denotes a more flexible molecule, while Λ 2 parametrizes the chain shape. Both metrics are calculated at T g (M ) for PMMA, PS, PDMS, and poly(propylene glycol)-dimethyl ether (PPG-DME), or at T g = 200 K for poly(ethylene) (PE) (results for PE at different fixed T are shown in Fig. S3 in the SI).
The M -dependences of the two metrics are shown in Fig. 3 together with T g (M ); note that PPG-DME and PDMS are more flexible (C ∞ = 5.1; 6.3) than PMMA, PS and PE (C ∞ = 8.2; 9.6; 8.3). Also, the low energy state of PDMS comprises 'loops' of n b ∼ 24 bonds [33, 38] , which are prohibited for long chains due to steric repulsion; hence, we limit our RIS calculations for PDMS to n b 24 [39] . We find that C n (M ) for PMMA, PS, PE and PPG-DME behaves similar to T g (M ), but C n (M ) for PDMS has a maximum because of loop formation [40] .
All five polymers display a maximum (Fig. 3f ) in Λ 2 near M (the maximum is less clear for the more flexible PPG-DME and PDMS), which signifies a change in shape anisotropy, either due to the excited dihedral states leading to chain folding (PMMA, PS, PE, PPG-DME) or loops in the ground state (PDMS). The characteristic chain configurations included in Fig. 3 show the loop formation for PDMS, and folding due to gauche states in the other polymers. Hence, the change in T g (M ) at M is manifested in structural changes near M [15] .
IV. COMPARISON WITH Tg(M ) FOR NON-POLYMERIC GLASS-FORMERS
For polymers, both chain-length and local bulkiness (i.e. M φ ) control T g (M ) [41] . To separate these two effects, we compare the polymer data to T g (M ) for nonpolymeric, carbon-based, mainly aromatic, glass-formers that contain as few as possible conformers; we denote these as "rigid" (we mainly use data from Ref. [42] , see Table S4 ; SI). As shown in Fig. 4a , T g (M ) for these non-polymeric liquids is also well described by T g (M )
A 0 + B 0 log 10 M , similar to oligomeric glassformers in regime I. However, the chain mass sensitivity B I ≡ dT g /d log 10 M for oligomers is smaller than B 0 for "rigid" molecules (green circles in Fig. 4a ). Moreover, B I is typically smaller for more flexible oligomers (Fig. 4b) , and increases with M φ . Thus, M φ controls both B I and the absolute value of T g , consistent with the scaling of Fig. 2e . In contrast, a change in mass of one of the polymer end-groups shifts the absolute value of T g [43] . This is illustrated in Fig. 4d , where n-alkanes (PE) are attached to end groups i with four different masses. T g (M ) of each series i can be described as T g,i = A i + B log 10 M , with B determined by the conformational character of the alkane chains (M φ ), and the intercept A i increases with the anchor group mass. Thus, separate control of the absolute T g and the chain mass sensitivity B I can be achieved by varying the mass (or volume) of an anchor end-group.
V. M -DEPENDENT ACTIVATION BARRIERS
The α-relaxation of non-polymeric glass-formers near T g involves correlated inter molecular motion on lengthscales ∼ 1-5 nm [44] . However, for polymers T g (M ) is strongly linked to the properties of the conformer (Figs. 2e-f) , and the α-relaxation has more intramolecular character due to chain connectivity and di- hedral motion within the polymer backbone [7, 18, 19] . Thus, we expect activation barriers for conformational relaxations to be important for understanding T g . The activation enthalpies ∆H β,γ for PMMA, determined from Arrhenius fits within the glassy state, are shown in Fig. 5a . We find that:
(ii) ∆H β ≈ ∆H γ for M M γ , suggesting that the β-relaxation originates from more 'local' γ-relaxations acting on chain-sections of mass M γ 200 g/mol (4 backbone atoms, or ∼ 4 backbone conformers) [20] ; (iii) ∆H β increases with M for M γ < M < M , and is nearly M -independent for M ≥ M , suggesting that the β-relaxation in regimes II and III involves chain segments of size ∼ M .
For comparison, ∆H β,γ for both PMMA and the more flexible polybutadiene (PB) are shown in Fig. 5b , normalised by the average ∆H γ for each chemistry. For both polymers, the ratio ∆H β / ∆H γ ∼ 2-3 within regimes II and III, suggesting a degree of generality. Furthermore, the unnormalised data ( Fig. S9 ; SI) demonstrate that the absolute values of ∆H β,γ are lower for the more flexible PB, consistent with the correlation between the conformational dihedral barrier height and T g observed in simulations [7] . The general nature of the observed ∆H β (M ) behaviour is similar to ∆H β (M ) of PS, PAMS, PC and PDMS estimated from calorimetry experiments at varying heating rates following a temperature quench and subsequent glassy aging [19, 45] .
To investigate how the α relaxation (and thus T g ) relates to the β and γ relaxations, we determine the activation enthalpy for the α relaxation at T g . The . Importantly, ∆H α ≈ ∆H β for M M , suggesting a similar nature of the two relaxations near M . This result suggests that intramolecular rearrangements on the scale of M control the α relaxation for M > M , where the chains are 'folded', as shown in Fig. 3 [15] .
VI. DYNAMIC FACILITATION
The activation enthalpies ∆H α and ∆H β appear to depend logarithmically on M for oligomeric and intermediate M chains (regimes I and II), as shown in Fig. 5a . A similar logarithmic M -dependence has been observed also for the activation enthalpy of the high-T viscosity ∆H η (M ) both in experiments and computer simulations [14, 15] . Logarithmic activation barriers are a hallmark of hierarchical relaxations, and are observed in dynamic facilitation models, in which asymmetric kinetic constraints exist between the fundamental relaxation units [24, 25] . An important example is the one-dimensional East model [25, 26, 53] , which describes a chain of 'spins' (or 'relaxation beads' in terminology appropriate for polymer relaxations) where each spin (or bead) can relax only when its neighbour on one side has relaxed. This simple asymmetric kinetic constraint gives rise to cooperative hierarchical dynamics and the main characteristics of glass-formation, including dynamic heterogeneities and a broad distribution of relaxation times [53] . In this class of models, which have been successfully applied to intermolecular (3D) relaxation dynamics in nonpolymeric glass-formers [53] , relaxation on a length-scale (T ) separating mobile spins (beads) of size σ requires an activation barrier ∆E = ∆E σ [1 + ν σ log 10 ( /σ)], where ∆E σ is the barrier for a spin flip (bead relaxation) and ν σ is a constant O(1).
If we apply this to cooperative intramolecular (1D) relaxation in polymers, then the activation barrier for relaxing a strand of n bead beads is given by ∆E strand = ∆E bead (1 + ν 1D bead log 10 n bead ), where ∆E bead is the barrier for relaxing a single bead [25, 53] . The similarity (see Fig. 5a ) between the β and γ relaxation behaviour within regime I: ∆H β = ∆H γ (1 + ν 1D γ log 10 n γ ); and the α and β relaxation behaviour within regime II: ∆H α = ∆H β (1 + ν 1D β log 10 n β ) suggests that similar physical descriptions might be adopted in both cases. Hence, the nearly M -independent β relaxation in regime II plays a role similar to that of the nearly M -independent γ relaxation within regime I, where n γ ≡ M/M γ and n β ≡ M/M β are the numbers of relaxation beads per chain in either regime, and ν Note that in this picture, within regime I and III, the α relaxation is controlled by intermolecular (3D) facilitation and ∆H α = ∆H β 1 + ν 3D β log 10 ( /σ) , where is the average distance between β relaxation beads of size σ, in contrast to the intramolecular (1D) facilitation between β relaxation beads controlling the α relaxation within regime II.
The resulting scenario is sketched in Fig. 5c . In regime I, intramolecular dynamic facilitation between γ beads induces the β relaxation (sketch (i) ; Fig. 5c ); while the α relaxation arises from inter molecular facilitated dynamics on a length-scale (T ) set by the average distance between β relaxations of size σ ∼ M (Fig. 5c (ii)). Although σ increases with M , the separation decreases due to the increasing probability of relaxations at the higher T = T g . The semilogarithmic M dependence of T g and thus ∆H α in regime I follows from the log 10 M dependence of ∆H β modulated by the M dependence (M )/σ(M ). For M ∼ M , ≈ σ, leading to effectively intramolecular dynamics where ∆H α ≈ ∆H β ( Fig. 5c(iii) ). Subsequently, within regime II the α relaxation arises from intramolecular dynamic facilitation between β beads ( within regime III the α relaxation occurs through effectively inter molecular facilitation between the β beads, akin to the α relaxation within regime I ( Fig. 5c(v) ). For polymers with significant side-chains and thus large packing lengths [54] such as PMMA and PS (Table S4 and Fig. S7 ; SI), the onset of entanglements for M ∼ M c is likely to hinder the intramolecular α relaxation dynamics within regime II; this is consistent with the observations that M ≈ M c for PMMA and PS, as shown in Fig. 2a-b .
Our study has been limited to a relatively simple class of polymers; systematic variation of side-groups, inclusion of more complex backbones (such as conjugated polymers), or co-polymerization, form natural extensions to this work. Finally, we note that the intramolecular facilitated relaxation mechanism suggested here could provide a much sought-for mechanism to explain the dramatic variation of T g with film thickness (and M ) in thin free-standing polymer films observed for both PS and PMMA [55] .
VII. METHODS

A. Broadband Dielectric Spectroscopy
Broadband Dielectric Spectroscopy (BDS) measurements were performed to determine the complex permittivity, ε * (f ) = ε (f ) − iε (f ) over a frequency range of 10 −2 ≤ f ≤ 10 6 Hz using a Novocontrol Alpha-A dielectric analyser, and over a frequency range of 10 6 ≤ f ≤ 10 9 Hz using an Agilent 4219B RF Impedance analyser. For the lower frequency range, the samples were measured between two circular electrodes (20 or 40 mm diameter) with a spacing of 100-200µm, and for the higher frequency range between two circular electrodes (10 mm diameter) with a spacing of 100µm. The temperature was controlled using a Novocontrol Quatro system with an accuracy of 0.1 K. The complex permittivity measured at a particular temperature was analysed using a sum of contributions from molecular relaxations as well as a contribution to the dielectric loss, ε , from ionic dc-conductivity (σ dc ) when observed within the experimental window, ε * = −iσ dc /(2πf ε 0 ). Each relaxation contribution was described using the Havriliak-Negami (HN) expression [56] ,
where ∆ε is the dielectric strength, ε ∞ is the highfrequency permittivity, τ HN is a characteristic relaxation time-scale. The parameters m and n describe the shape of the relaxation response; m and mn are respectively the power law exponents the low-and high-frequency sides of the loss peak. The β and γ relaxations were generally well described using symmetrically stretched (Cole-Cole) loss peaks (n = 1) for which the loss peak relaxation time is τ p = τ HN . The α-relaxation loss peaks, as well as the β relaxation for the highest M PMMA, on the other hand, were asymmetrically stretched and τ p was instead obtained from τ HN , m and n using a previously derived expression [56] .
B. Differential Scanning Calorimetry
Differential Scanning Calorimetry (DSC) measurements were performed using a TA instruments Q2000 heat flux calorimeter, using a liquid nitrogen cooling system for the temperature control. The polymer samples (weight ∼ 10 mg) were prepared in hermetically sealed aluminium pans, and measurements of the specific heat capacity as a function of temperature were performed for heating/cooling rates of 10 K/min. The glass transition is manifested as a step in the specific heat capacity, and the reported T g values were determined on heating from the onset temperatures corresponding to the steps.
C. Rotational Isomeric State calculations
Rotational Isomeric State (RIS) calculations [33] were used to calculate structural properties of polymers, such as the end-to-end vector R e , the gyration radius R g , and the gyration tensor Λ αβ , as well as to generate typical molecular conformations. RIS parameters were taken from the literature for all polymers (for details see Table  S1 ; SI) and calculations were averaged over a statistical atactic ensemble where necessary (e.g. for PMMA or PS). The RIS parameters are statistical weights for successive discrete dihedral angles, determined from calibration with experimental data on chain dimensions [33] ; these calibrations were either performed on melt data, or on θ solvents. The RIS calculations were performed at T g (M ) for each polymer; however, since T g (M ) is not well-characterized for PE, calculations for PE were performed at a range of fixed temperatures, as discussed in detail in the SI. RIS calculations capture gross features of polymer conformation and can be used to study qualitative trends rather than to make detailed numerical predictions. We expect the M dependent trends to be the same for melts and theta solutions, even though the overall chain dimension could vary slightly depending on the nature of the packing between the specific polymer and solvent(s) [57] . to the jamming of granular bead chains, in which loops were proposed to control the packing [27] . [40] For PDMS it has previously been suggested that Tg(M ) behaves similarly to Cn(M ) [10, 16] . In those studies Cn(M, T ) was determined for a constant T > T 
I. ROTATIONAL ISOMERIC STATE (RIS) FORMALISM AND CALCULATIONS
Flory's Rotational Isomeric State (RIS) theory [2] is used to calculate conformational chain properties such as the end-to-end vector R e , the gyration radius R g , and the gyration tensor Q. Polymer chains comprise n a backbone atoms, n b = n a − 1 backbone bonds, and n d = n a − 3 dihedral angles. Polymer backbone bonds typically have one, two or three accessible dihedral angles φ i per monomer; each φ i is assumed to have discrete dihedral states. For example, in PE the nomenclature trans commonly denotes a dihedral angle of φ =180
• , leading to a planar zig-zag backbone for the ground state structure, while gauche refers to φ = ±60
• , which leads to a non-planar backbone (a different convention for the dihedral angle is sometimes used, where trans refers to φ = 0
• and gauche to φ = ±120 • ). The conditional probability that a dihedral angle φ i is followed by an angle φ i+1 is proportional to the matrix element U φi,φi+1 of a so-called transfer matrix U [2] , which is a square matrix with rank given by the number of dihedral angles for a given bond. By using this matrix, the probability P of finding an entire sequence of dihedral states Φ = {φ 1 , φ 2 , . . . , φ N d } can be calculated as the joint probability of finding φ 1 next to φ 2 , φ 2 next to φ 3 , and so on:
where Z is the partition function, U * is the transfer matrix for the first dihedral angle, the vector q 0 defines the plane of the initial two bonds to be the trans plane, and the vector q 1 ensures that all states are counted. The two first bonds of the chain define the initial plane from which subsequent bonds are accessed via the dihedral angles and bond angles for the specific polymer.
For polymers with multiple distinct dihedral angles per monomer this can be generalised using different transfer matrices U for each dihedral in the monomer; for a polymer such as PDMS one finds (see Fig. S1 ) 4) where N is the number of momomers in the chain (degree of polymerization). The RIS method ignores interactions along the chain of longer-range than those between adjacent dihedral angles. Thus, very large side groups or charged polymers are poorly described, as well as excluded volume effects resulting from distant monomers, which is generally a good approximation due to the screening of excluded volume in melts [3] . A notable exception encountered here is the ground state configuration of PDMS, which involves a loop of about 24 bonds (12 monomers) in size. As described in the main manuscript, at temperatures near T g these loops are not strongly disordered by the excitation of gauche states [4, 5] .
Monte Carlo (MC) simulations are performed to sample the RIS distribution of dihedral angles along the chain. A MC step controls the transitions between rotational isomeric states Φ. Each Monte Carlo step corresponds to flipping a randomly chosen dihedral angle to a different dihedral angle, φ i → φ i (e.g. from trans to gauche). The new dihedral conformation is then accepted or rejected using the Metropolis algorithm, with probabilities given by Eq. 1.1. We typically perform 100,000 MC attempts in order to equilibrate a molecule at a given temperature, and conformational averages are calculated using the next 200,000 steps. Since we use n d 1 − 2000 dihedral angles, the entire polymer is sampled from 100 to 200,000 times during the equilibration stage, depending on n d and thus the polymer length.
The spatial position r i of backbone atom i is given by
where r 1 is the first atom, and bonds are transformed along the chain by
for i > 2, where b i is the bond length,b is a unit bond vector, and the bond transformation matrix is given by
where θ i is the bond angle, and φ i is the dihedral angle. We study polymers whose repeat unit comprises two bonds (PS, PI, PDMS, etc), a single bond (PE), or three bonds (PPG-DME). Each distinct bond in a repeat unit is characterised by a bond length, a bond angle, and a set of dihedral angles. The polymers PMMA, PS, and PPG-DME are stereoisomeric polymers and thus have tacticity, i.e. asymmetric sidegroups that lead to local chiral symmetry (right or left handedness) depending on the sequence of sidegroups (Fig. S1 ). We study atactic polymers, which corresponds to a disordered mixture of chirality along the chain due to random right or left positions of the side groups. This tacticity can be quantified by either (i) the fraction of meso (two successive side groups in the same position) or racemic (two successive side groups in opposite positions) diads in polymers with a single atom between sidegroups (PMMA, PS); or (ii) the total proportion of right handed side groups in polymers separated by two atoms (PPG-DME). In the latter case a 'meso' or 'racemic' sequence does not change the RIS parameters because of the separation, but they do change the chain structure. We specify an average tacticity by p meso (the proportion of diads that are meso) or p R (the proportion of side groups that are right-handed). n st random stereochemical sequences are generated consistent with the average tacticity, with n st sufficiently large to lead to a statistically representative set of stereochemistries; conformational averages are then performed for each stereospecific sequence.
The polymer structures used in the RIS calculations are shown in Fig. S1 ; for each structure, the bonds which dihedral angles refer to are numbered in red and the corresponding transfer matrices U are tabulated in Table S2 . We have used data from the literature, with references shown in the Table S2 . The matrices U depend on parameters (η, σ, σ , ω, . . . ), which are taken to have the Arrhenius form, e.g. η = Γ η e −Hη/kT , σ = Γ σ e −Hσ/kT , . . . at all temperatures. The Arrhenius activation barriers e.g. H η were typically calibrated by optimization of R 2 g and d ln R 2 g /dT for RIS modeled chains to match the corresponding values from experimental data [6] at a chosen calibration temperature T cal (Table S2 ). In our MC simulations, we used RIS parameters calibrated using data on melts, for PS and PE, where such data are available; for PMMA, PDMS and PPG-DME, however, we instead use data based on theta solutions. We expect the M -dependent trends to be the same for theta solutions and for melts, even though the overall chain dimension could vary slightly depending on the nature of the packing between the specific polymer and solvent(s) [7, 8] . • t = 180 
• (racemic) 300 [12] PPG-DME [14] ; PMMA, experimental data from Fig. 2 of main manuscript; PPG-DME, interpolated from experimental data in Fig. 2 ; PS, experimental data from Fig. 2 . PDMS has two distinct bonds (Fig. S1 ) specified by Ua and U b . PS has two distinct bonds, the first specified by Up, and the second with a phenyl ring asymmetrically placed on either the right or left side relative to the chain direction. Similarly, PMMA has two distinct bonds and an asymmetric carbon. In each case Um specifies the meso diad (two successive right or left asymmetric carbons) and Ur specifies the racemic diad (right/left or left/right sequence). PPG-DME has three dihedral angles (a, b, c) and one asymmetric carbon on the backbone chain per repeat unit. Matrices corresponding to a left (S) asymmetrical carbon are obtained from the right (R) matrices according to
FIG. S1. The polymer structures used in the RIS calculations. The end-to-end vectors
Re are marked with blue arrows, red numbers label bonds about which dihedral angles rotate, and blue circles show the atoms used to calculate the gyration tensor, with a spherical volume equal to the volume of all included atoms. The number of monomers is n. The volume of the backbone atom and its sidegroups is assumed to be localized on the backbone atom. For example, the blue circle centered on the Si atoms at the ends of PDMS represents the volume of Si and three CH3 groups; while interior volumes comprise a Si and two CH3 groups.
A. Calculated quantities
The gyration tensor Q ν for a given conformation ν is calculated using the position vectors r i of the backbone atoms
Note that individual conformations ν rarely have spherical mass distributions Q ν , but are usually anisotropic. The typical shape of a Gaussian chain is close to a flattened prolate ellipsoid [15] . This gyration tensor Q ν refers to point atoms. To calculate the physical gyration tensor we incorporate the finite volume of the backbone atoms and associated side groups. For simplicity, we center all side group volumes on the backbone atoms, and calculate the corresponding backbone atom volume V a as
where σ j,a is the van der Waals radius of the j th of m a non-hydrogen atoms in backbone atom group a and its associated sidegroups. The volumes can be found in Ref. [16] . Hydrogen atoms have small volumes and relatively smaller van der Waals energies and can thus be ignored. The position and respective size of the effective van der Waals volumes are shown as blue spheres in Fig. S1 . The corrected gyration tensor Q c is given by
where I is the identity tensor. We quantify the shape of molecules by averages of the eigenvalues λ and order the eigenvalues of Q c according to
We thus calculate the averages 14) from many (n ν ∼ 10 5 − 10 6 ), configurations obtained via MC calculations performed using the Metropolis algorithm to approximate a thermal average. For stereocomplex chemistries, we also average over many representative sequences n st to approximate a specified average tacticity. The radius of gyration is calculated as
and the end-to-end distance is given by
The characteristic ratio C n of a chain with n b bonds is defined as
where the effective bond size b eff = J j=1 b 2 j is the harmonic mean over b j for each bond j in the repeat unit (i.e. the monomer). There are typically J = 1, 2, or 3 bonds per monomer. There are several conventions for defining b eff for polymers with several bonds per monomer; an alternative choice [17] is b eff = j b 2 j cos 2 θ j (the harmonic mean over b j cos θ j ).
In the main Article, we quantify the shape anisotropy using the metric Λ 2 , and in addition, we here introduce and discuss a second anistropy measure δ, as discussed in detail below:
For a Gaussian chain, Λ 2 = 11.87 [15, 18] , while for a thin rod
4D 2 where D is the diameter of the rod and L is its length. The metric δ = 1 for a Gaussian chain, and δ = 2/(1 + 1.5/n a + 1.7/n 2 a ) for a string of n a (even) close-packed spheres in a linear array (δ = 0.476 for 2 spheres and δ = 2 in the infinite rigid polymer limit). For a wormlike chain (WLC) with persistence length p one finds [19] 
In the flexible limit the WLC corresponds to a Gaussian chain with Kuhn step K = 2 p .
B. Details for specific polymers
The RIS simulations for PMMA, PS, PPG-DME and PDMS were performed at temperatures T g (M ), corresponding to the specific molecular weights. Since the full T g (M ) for PE is not known, we perform MC-simulations at five different fixed temperatures to investigate the effect of temperature on the structural metrics; we note that the value of C ∞ = 9.0 calculated from our simulations for PE at T = 237 K is only slightly larger than C ∞ = 8.3 determined from experiments at T = 298 K [17] .
For stereospecific polymers we use n st = 10 for PMMA, n st = 20 for PPG-DME, and n st = 30 for PS; p meso = 0.5 for PS and PMMA; and p R = 0.5 for PPG-DME.
PDMS is different from the other polymers because the Si-O-Si and the O-Si-O angles (Tab. S2) lead to a ground state conformation of a planar loop with circumference of approximately n b = 24 bonds [4, 5] . At the low temperatures corresponding to the T g of low-M oligomers, only few, if any, gauche states are excited which means that RIS calculations are only correct for n b < 24 or M 88 g/mol. , normalised by the maximum value δmax from RIS simulations for PMMA, PS, PE, PDMS, and PPG-DME, where M is determined by the scaling in Figure 2 of the Article. (b) Calculated characteristic ratio Cn as a function of normalised molecular weight, normalised by the high-M maximum value C max (for PS, the maximum value is taken as the average of the three highest M data points). The data for PDMS are qualitatively different from those of the other polymers due of its unusual ground state energy loop structure; hence, a dashed line has been added to the PDMS data as a guide to the eye.
II. CONFORMATIONAL STATISTICS FROM RIS
As shown in Fig. 3f of the main article, the anisotropy measure Λ 2 shows a maximum as a function of M which is well-correlated with the molecular weight M that marks the change in M -dependence of T g (M ). Similarly, the second anisotropy metric δ also shows a maximum as a function of M , observed at M ≈ M * , as shown in Fig. S2 , which shows δ(M/M * )/δ max , where δ max is the maximum value. Fig. S2b shows the normalised values of the Flory characteristic ratio C n (M/M )/C ∞ n , where C ∞ represents the high-M value. As discussed in the main article, we find that C n (M ) and T g (M ) demonstrate similar behaviour for PMMA, PS, PE, and PPG-DME. Mirigian and Schweitzer [20] reasoned that a polymer glass can be effectively treated as a hard sphere glass with a number of interaction sites that depend on the the conformation and more specifically C n (M ). This led them to conclude that C n (M ) and T g (M ) could show similar behaviour. We note, however, that the similarity is not observed for PDMS due to the loop formation at low temperatures near T g (M ).
As discussed in the main article, the maxima in Λ 2 , and the corresponding change in C n (M ) for PMMA, PS, PPG-DME and PE, are due to chain folding which occurs when the molecular weight exceeds M * . The chain folding is also reflected in the maximum in δ(M ), which occurs near but somewhat below M * , as shown in Fig. S2a . However, the data for Λ 2 , δ(M ) and C n (M ) for PDMS do not follow the same trends, and the observed maxima are instead due to the formation of loops; these maxima are located close to M * for all three metrics. Table S3 provides a summary and calibration temperature T cal for the RIS parameters. Molecular weights and number of dihedrals (n d ) corresponding to the maxima of δ and Λ 2 at M , from RIS calculations. We use M as determined in Fig. 2e of the main Article. Also shown are C∞, the Kuhn length K ≡ C∞b eff calculated from the simulations at T ∞ g , and the Kuhn length reported in the literature [17] (typically reported for T > Tg). We have not found a reliable estimate in the literature for K for PPG-DME.
.
of our RIS simulation data togtether with a comparison with the corresponding experimental results. The table lists the molecular weights and the number of dihedrals n d corresponding to δ max and Λ 2 max , together with the respective values at M . The table also lists our calculated values of the Flory characteristic ratio C ∞ and the Kuhn length l K together with the experimentally determined values of the Kuhn length, and information on the temperature at which these are determined.
To illustrate the effects of both M and temperature on chain conformations, we study PE by calculating Λ 2 (M ), C n (M ), and δ(M ) for a range of temperatures T , as shown in Fig. S3 . Fig. S3a shows that δ(M ) at low T follow the results for an all-trans chain configuration, where no or few gauche states are excited. The semiflexible worm-like chain model for T = 298 K shows that the high-M behaviour approaches the flexible chain limit δ = 1 for a Gaussian chain. In between the rod-like and flexible limiting regimes, δ goes through a maximum which indicates how the chains fold due to the presence of excited (gauche) dihedral states. In the high-M limit, δ → 1 and Λ 2 → 11.9, as characteristic of a Gaussian chain [15] . The maxima in δ(M ) slightly shifts to larger M for lower temperatures, as expected. Fig. S3b shows the behaviour of C n (M ), which shows how the increasing fraction of trans states in the chains at the lowest temperatures leads to a significant increase in C n within regimes II and III. Fig. S3c shows that the asymmetry metric Λ 2 shows a similar behaviour for the three highest T , including an increase at low M within regime I; a maximum near the regime I-II crossover where the chains starts to fold; and a decrease towards the Gaussian limit where Λ 2 = 11.87 [21] for high M . For the lowest T , the maximum increases significantly and moves towards larger values of M , due to the increasing stiffening of the chains. Data from broadband dielectric spectroscopy (BDS), differential scanning calorimetry (DSC) and rheology are combined with literature data for PMMA [22, 23] , PS [14, [24] [25] [26] [27] and PDMS [24, 28, 29] . The absolute value of Tg(M ) can vary slightly between different studies due to the variation in experimental techniques, Tg definition, or polymer specification. For PDMS these differences are more pronounced since Tg is a weaker function of Mw (∆Tg 40K) than for PMMA or PS (∆Tg 200K). Thus a scaling factor A ∼ 1 − 1.03 was used to collapse different data sets onto ATg(M ). The PDMS data incorporate Tg determined from two different definitions, τα =100s and 1s, which slightly change Tg without significantly changing Tg(M ).
The symbols on the upper abscissa denote the Kuhn molecular weight (•; PMMA: [30] , PS: [31] ), the 'dynamical' or Rouse molecular weight MR ( ; PS and PDMS [31] , ♦ PS; using an alternative MR definition [1] ), the entanglement molecular weight Me ( ; PMMA [17] , PS and PDMS [32] ), and the critical molecular weight Mc ( ; PMMA [33] , PS and PDMS [32] . Dashed lines are fits to the Fox-Flory expression Tg = T ∞ g − a/M , using different ranges for the fits. na denotes the number of backbone atoms and M and M * * separate regimes I, II, and III. g − a/M . For each polymer, the data were either fit over the full data range (regimes I-III; dashed red line), or over a limited data range (regimes II-III; dashed blue line). We find that a Fox-Flory expression cannot describe either PMMA or PS across all three regimes; a Fox-Flory expression can reasonably approximate regimes II and III, even though a semi-logarithmic fit (T g = A II + b II log 10 (M )) provides a better fit within regime II. The more flexible PDMS can also be described within regimes I and II by semi-logarithmic fits as shown in Fig. 1c of the paper, but contrary to the behaviour of the less flexible polymers PS and PMMA, a Fox-Flory expression can alternatively describe PDMS adequately across all three regimes I-III, as shown in panel c. Since data in the literature are often plotted as T g vs 1/M , we also illustrate the behaviour for the 11 polymers in this representation in Fig. S5a , where T g has been normalized by its long chain-length value T ∞ g to facilitate comparisons. The same data are also showed in Fig. S5b with the abscissa re-scaled by M to aid the comparison to Fig. 2e in the Article. Figure 2 of the main Article. All parameters included in the table are described in the text. Masses are in g/mol and are defined in Table S1 . In each case the end group mass M end chosen is for a typical polymerization chemistry. a Numbers in the first column correspond to the entries in Table S5 . b References for T ∞ g are given in Table S5 . c C∞ is given at the indicated temperatures.
IV. POLYMER DATA AND LITERATURE REFERENCES
d Two values for the dynamic bead (Rouse) mass MR are given for PS, as reported in literature; 850 g/mol [40] or 5000 g/mol [1] .
The T g (M ) literature data included in Fig. 2a -c in the Article are: PMMA [22, 23] , PS [14, [24] [25] [26] [27] and PDMS [24, 28, 29] . The T g (M ) literature data included in Fig. 2d -e are: Radel-R [42] , PC [43, 44] , PI [45] , PIB [46] , PE [47] , PB [24, 48] and PPG-DME [49] . Table S4 includes data for the eleven polymers included in the mastercurve in Fig. 2 of the paper. The table includes the monomer repeat molecular weight M o , the conformer molecular weight M φ and volume V φ (both defined below), the molecular weight of the chain-ends M end , the Kuhn molecular weight M K , the Rouse (or dynamic bead) molecular weight M R , the entanglement molecular weight M e , the critical molecular weight M c (at which entanglements are effective), the long-chain limit of the glass transition temperature, T ∞ g , the long-chain limit of the Flory characteristic ratio, C ∞ , the molecular weight M that separates regimes I and II in the T g (M ) behaviour, and the molecular weight M that separates regimes II and III. We determined M by fitting the low molecular weight region to the form T g = A I,II + B I,II log 10 M for M < M , while M is the molecular weight above which T g T ∞ g . The temperature at which C ∞ was determined is noted in the table. For PAMS, PIB, PS and PC, the literature values for M R were determined from mechanical spectroscopy [40] , while for PB, PDMS, PI and PPG-DME, the M R values were determined from Fast Field-Cycling Nuclear Magnatic Resonance (FFCNMR) [35] . In both cases, the data were modeled as a superposition of α-relaxation and Rouse relaxation spectrum contributions, where a linear superposition of either moduli or compliances (susceptibilities) were performed.
To calculate M φ and V φ , we count the relevant number of conformational degrees of freedom (DOF), or conformers, per monomer, where we include the number of conformers n φ that sweep out significant volume during a rearrangement. A dihedral rotation is counted as a conformer whether it is situated in the backbone or in a side-chain, and we also count an aromatic ring rotation, a cyclohexane group rotation, or a chair/boat conformational change as a conformer. However, we ignore groups whose motions displace small volumes, such as methyl groups, aromatic ring rotations within the backbone (such as in PET), and dihedrals involving small groups such as CH=CH 2 in 1,2 PB, or O-CH 3 in PMMA. The mass per conformer M φ is subsequently defined as the mass per monomer (or polymerization unit) M o divided by the total number of conformers per monomer n φ , as M φ = M o /n φ . M φ thus averages the conformational DOF within the monomer, representing a particular polymer chemistry. The average volume per conformer V φ = V mon /n φ is calculated from the sum V mon of the van der Waals volumes of all groups in the monomer, tabulated in Ref. [50] . Table S5 provides data for M φ , the number of conformers per monomer n φ , M o , V φ , and T ∞ g for a wider range of polymers with C-, C-C-O-, Si-or Si-O-based backbones, as further described in the main Article.
As a complement to Figure 2e in the main Article, Figure S6a shows the dependence of T ∞ g on V φ (inÅ 3 ) for the polymers in Table S5 , demonstrating a rough correlation T
, where T V depends on the sequence and species of atoms in the polymer backbone, and B V ∼ 300 K for carbon-based backbones, but at least for the Si-based backbones appears to be somewhat smaller. M is plotted versus M φ in Fig. S6b to investiate the inter-relationship between the two characteristic molecular weights. We find M ≈ 24M φ , consistent with the crossover between regime I and II occuring when the chain has reached a length corresponding to ∼24 conformers. Table S4 , either in a (a) semi-logarithmic, or (b) linear plot. The comparison between the two panels demonstrates that the relationship between T ∞ g and M can, to a good approximation, be described using either a semi-logarithmic or linear form (see inset in Fig. 2e in the main Article). b Stereoisomeric polymers are quoted for atactic materials. In some cases the tacticity is known and published, while in other cases it is not known. Tg for PE was determined by extrapolation from Ref. [47] ; while for polymers with references noted as [ * ] the data is referenced and shown in Figure 2 of the main manuscript. Packing length p and Kuhn step K are for the indicated temperature in Kelvin. intra-and inter-chain interactions, and has a strong correlation with entanglement metrics such as the entanglement or critical molecular weight [37] . 
V. DATA FOR NON-POLYMERIC 'RIGID' GLASS-FORMERS
To investigate the molecular weight dependent T g -behaviour for non-polymeric 'rigid' glass-formers with as few conformational degrees of freedom as possible, we follow Ref. [64] and choose a series of mainly aromatic, carbonbased molecules, which do not contain alkane chains of more than three carbons. We expect all the chosen systems to interact in a similar manner, which allows for direct comparisons. The T g -values were taken from Ref. [64] with the addition of bisphenol A diacetate (number 10 in Table S6 ). Table S6 contains the molecular structure, chemical name, molecular weight M , and T g . Fig. S9 shows T g (M ) for the 'rigid' molecules in a semi-logarithmic (a), linear (b), or double logarithmic (c) representation; the semi-logarithmic plot (Fig. S9a) provides the best fit. 
VI. ACTIVATION ENTHALPIES FOR β AND γ RELAXATIONS
The M -dependent activation enthalpies for β (circles) and γ (squares) relaxations within the glassy state are shown in Fig. S10 for PMMA and PB. As described in the main Article, the β and γ relaxation enthalpy data for PB are obtained from BDS measurements, complemented with literature data [65] [66] [67] [68] [69] [70] . These data are also shown in Fig. 5 of the main manuscript as ∆H/ ∆H γ , which demonstrates the similar qualitative behaviour observed for PMMA and PB even though the polymers are characterised by very different chain flexibilities. The more flexible nature of PB is however reflected in smaller absolute values of the two activation enthalpies, as shown in Fig. S10 . Note that in Ref. [70] , the observed secondary relaxations are termed γ A and γ B , where γ A was observed between T = 80-100 K and γ B between T = 50-65 K. Table S7 summarizes the molecular weights and polydispersities for the PMMA samples studied, as well as the the fitting parameters for the VFT and Arrhenius fits of the α, β and γ relaxations shown in Fig. 1a TABLE S7 . Weight-averaged molecular weight Mw, polydispersity index (PDI=Mw/Mn, where Mn is the number-averaged molecular weight), fit parameters from Vogel-Fulcher-Tammann (VFT) fits of τα data to τα = τ α 0 exp DT0/(T − T0), and fit parameters from Arrhenius fits of τ β and τγ data to τ β = τ β 0 exp ∆H β /RT ; for the PMMA samples shown in Figure 1 in the main text.
VII. VFT AND ARRHENIUS FIT PARAMETERS FOR THE PMMA SAMPLES
